
  

 

Abstract— A set of one-dimensional basis functions is 

proposed and tested in order to model a thin homogeneous 

fiber of a higher conductivity within a medium with a lower 

conductivity. This set allows us to greatly speed up 

computations while keeping a good accuracy for the total fiber 

current and the resulting charge distribution averaged over the 

fiber cross-section.  

I. INTRODUCTION 

Anatomically realistic modeling of different conductivity 
structures is important for noninvasive brain imaging and 
stimulation, including electro- and magnetoencephalography, 
(E/MEG), transcranial magnetic stimulation (TMS), and 
transcranial direct/alternating current stimulation 
(tDCS/tACS) [1]-[5]. An important example is given by 
bundles of a conducting fibers (e.g., axons) located in a 
conducting medium. Although the problem might be solved 
using an average anisotropic conductivity tensor, this method 
is not without its limitations. For instance, crossing fibers 
might generate an anisotropic conductivity structure that is 
not described by a tensor. A significantly more flexible 
approach will be considered in this study, which enables 
modeling individual fibers in a “thin-wire” approximation, 
using certain one-dimensional BEM (Boundary Element 
Method or MoM – Method of Moments) basis functions. We 
show that a small number of such basis functions is sufficient 
to accurately describe current and average charge distribution 
for any fiber cross-section. Although the proposed method is 
general, only straight fiber of a fixed radius is considered in 
the present study, for steady-state current flow problems. 

II. BASIS FUNCTIONS AND GOVERNING EQUATIONS 

First, consider a simple modeling problem shown in Fig. 
1. A relatively thin cylinder with the radius a of 1 mm, length 
L of 40 mm, and conductivity of 4 S/m is embedded into a 
homogeneous conducting medium with a smaller 
conductivity of 0.5 S/m. An external uniform electric field 
Einc of 10 V/m is applied, which excites currents both in the 
medium and in the cylinder. Fig. 1 shows surface charge and 
current density distributions, respectively, in the cylinder 
plane obtained via FEM modeling with Maxwell 3D of 
ANSYS, Inc. The current in the fiber is nearly uniform over 
its cross-section; the current density at the center of the fiber 
is about eight times the current density in the medium. Our 
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goal is to model the same problem via the BEM with a small 
number of basis functions. The set of basis functions to be 
proposed has been inspired by “rooftop” bases used in high-
frequency thin-wire antenna modeling [6]. However, we will 
use different boundary conditions and a very different 
charge-to-current relation. 
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Figure 1.  Surface charge and current density distributions for a thin 

cylinder obtained via FEM modeling – normal incidence. 

A. Construction of basis functions – side surface 

Consider a situation when the entire side surface S of the 

fiber cylinder is divided into N small unique segments. For 

every such segment, the surface charge density remains 

constant. The unknown side surface charge density is 

expanded into N doublet basis functions, )(rn , defined on 

two adjacent segments and shown in Fig. 2, 
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with unknown coefficients, 
na . The doublet basis function 

can be defined as follows (by analogy with [6]) 

























S
la

S
la

n

r

r

r

,
2

1

,
2

1

)(




        (2) 

where index plus refers to the first tubular segment and 

index minus – to the second tubular segment; a  and l  are 

segment radii and lengths, respectively. A total electric 

charge supported by every basis function (integral over the 

surface of two adjacent segments) is exactly zero. Every 
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coefficient 
na  has a meaning of the total surface charge per 

segment (positive or negative) with the units of C.  
 

 
Figure 2.  Charge doublet basis function.  

Once the solution for fiber charges is known, the 

corresponding electric potential  can be found. Then, the 

electric current density and the total electric current in the 

fiber can in principle be computed using an expression for 

the total electric field,  incEE . However, this 

operation is very time-consuming. In order to find the 

current for every fiber cross-section, we would need to 

compute the current density at many separate spatial 

locations. Instead, we will try to construct the total fiber 

current associated with every basis function directly. Our 

solution is based on Gauss’ law and current conservation 

law, respectively. A simplified current flow model is 

suggested in Fig. 3. Current density inside fiber, )(1 xJ , is 

directed along the fiber axis (the x-axis) and is uniform over 

the cross-section. It linearly increases from 0 to a certain 

maximum value at the joint of two segments. Current 

density just outside fiber, 
2J , is directed along the surface 

normal vector and is uniform in space.  
 

 
Figure 3.  Model of electric current distribution for a single basis function.  

For any location x, current conservation law for the left 

segment in Fig. 3 is written in the form  
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Gauss’ theorem for a closed surface indicated by a dashed 

contour in Fig. 3 yields 
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where D is the electric flux density in a medium of interest, 
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With taking into account Eq. (5), a solution to the system of 

two coupled equations (3), (4) has the form: 
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We introduce vector 
ρ  drawn from the furthest point of the 

cylindrical segment labeled plus to the observation point and 

vector 
ρ  drawn from the observation point to the furthest 

point of cylindrical segment labeled minus. The total current 

I within the fiber supported by one basis function is thus 

given by 
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)(rΛn
 in Eq. (7) is sketched in Fig. 3. It is a familiar vector 

rooftop basis function [6] with current continuity at the 

junction of two segments, which is preserved for non-equal 

radii. If 
21021 ,    (which is the present case), 

then the current in Eq. (7) has a sign opposite to the sign of 

na . In other words, it flows from the minus charge to the 

plus charge of the charge doublet. The total electric current 

within the fiber is finally obtained in the form  
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Constant C is to be defined by an external field, more 

precisely, by currents entering/leaving the tips of the fiber. 
Fig. 4 illustrates current/charge expansions into rooftop basis 

functions (2), (7) for the case when constant C in Eq. (8) is 

equal to zero. 
 

 
Figure 4.  Modeling current and charge distributions with rooftop bases.  

 

B. Construction of basis functions – end cap basis functions 

An end-cap basis function is defined for every pair of wire 

caps. For the surface charge density on caps, one has 
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with unknown coefficients, 
nb . The corresponding doublet 

basis function can be defined as follows  
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where a are the radii of two opposite caps. Coefficient 
nb  

has a meaning of the total surface charge per cap with the 

units of C. There is one such basis function per single wire. 

Other terminal basis functions have been studied. 
 

C. BEM/MoM Equations 

The BEM integral equation for the surface charge density 

over the entire fiber surface S has the standard form [7]  
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where )/()( 2121  K  is the conductivity 

“contrast”, 
2,1  are fiber and medium conductivities, 

respectively, and n is the outer surface normal vector. Using 

the Bubnov-Galerkin method, we obtain from (11) a system 

of coupled equations for 
na  in (1) and 

nb  in (9). Double 

side-to-side, side-to-cap, and cap-to-cap potential integrals 

of the form 
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must be accurately (pre) computed. To do so, we generally 
used four uniform numerical interleaving grids (2 linear + 2 
angular) of size M each, with total M4 integration points.  

III. MODELING SINGLE STRAIGHT FIBER  

A. Results at normal incident field 

We consider the total current distribution along the fiber in 
Fig. 1 first. Table I reports a relative L2-norm error 
percentage between the accurate FEM solution (an adaptively 
refined mesh with about 2×106 tetrahedra has been used) for 
the total current and the corresponding BEM solution 
obtained at different sizes of the integration grid, M, in Eq. 
(12). We observe that the accurate computation of the 
potential integrals is a must for the present BEM solution. In 
particular, the convergence rate as a function of the number 
of segments is strongly dependent on the value of M. 

TABLE I.  RELATIVE ERROR PERCENTAGE IN TOTAL CURRENT 

DISTRBUTIOIN ALONG THE FIBER IN FIG. 1. 

Integration 

order, M 
Number of segments per fiber 

 5 10 20 30 40 

11 24.9 16.1 14.5 15.1 15.2 

21 19.4 11.5 9.07 9.20 9.20 

41 16.7 9.10 5.64 5.38 5.19 

61 15.9 8.28 4.42 3.95 3.66 

81 15.5 7.88 3.80 3.21 2.87 

 

Fig. 5 compares the FEM and BEM solutions for the total 
fiber current in Fig. 1 when the number of segments along the 
fiber in the BEM solution is equal to 20. The corresponding 
error value is marked bold in Table I. We believe that further 
reduction in the number of segments is possible while 
maintaining a good accuracy, by using non-uniform segment 
lengths, which would correspond to adaptive BEM mesh 
refinement [7]. 

 

Figure 5.  Total current distribution along the fiber in Fig.1b: BEM 

(circles) versus FEM (solid curve) solutions. The BEM solution uses 20 

equal segments. 

Table II reports the relative error percentage in the absolute 

charge (positive charge) over the fiber surface as a function 

of the number of segment and accuracy of the potential 

integrals. The FEM total absolute charge is 3.78510-15 C. 

Note a value marked bold in Table II, which indicates that 

the error might suddenly jump when potential integrals are 

computed inaccurately.   

TABLE II.  RELATIVE ERROR PERCENTAGE IN THE ABSOLUTE CHARGE 

(OR POSITIVE CHARGE) OVER THE FIBER SURFACE IN FIG. 1. 

Integration 

order, M 
Number of segments per fiber 

 5 10 20 30 40 

11 16.7 11.0 11.9 13.1 13.5 

21 9.47 33.55 6.41 7.28 7.50 

41 5.62 2.89 2.82 3.38 3.42 

61 4.30 1.74 1.46 1.91 1.86 

81 3.63 1.14 0.74 1.12 1.03 

 

B. Results at 45 deg incidence 

The same cylindrical fiber as in Fig. 1 is considered, but 
now it is tilted by 45 degrees versus the incident field. FEM 
simulation results for the surface charge density and current 
density within the fiber are shown in Fig. 6. This 
modification might appear trivial from the viewpoint of the 
one-dimensional BEM theory since only the excitation term 

in Eq. (11) changes (decreases by 2/1 ). So do the results 

for the charge and current distributions. However, the FEM 
solution in Fig. 6a indicates a very non-uniform surface 
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charge distribution across the fiber, which cannot be 
replicated by the one-dimensional model. The same non-
uniformity is observed for the electric field just outside the 
fiber. We intend to show that such a distribution has a 
negligible effect on the total current (and essentially on the 
current density inside the fiber) in any fiber’s cross-section 
and on the absolute value of the net positive charge. To do so, 
Table III reports a relative L2-norm error percentage between 
the accurate FEM solution (an adaptively refined mesh with 
about 2×106 tetrahedra has been used again) for the total 
current and the corresponding BEM solution obtained at 
different sizes of the integration grid, M, in Eq. (12). We 
observe nearly the same (and perhaps even slightly better) 
convergence rate as compared to Table I. 
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Figure 6.  Surface charge and current density distributions for a thin 

cylinder obtained via FEM modeling – 45 deg. incidence. 

TABLE III.  RELATIVE ERROR PERCENTAGE IN TOTAL CURRENT 

DISTRBUTIOIN ALONG THE FIBER IN FIG. 6. 

Integration 

order, M 
Number of segments per fiber 

 5 10 20 30 40 

11 24.8 16.0 14.5 15.0 15.1 

21 19.3 11.5 8.98 9.11 9.11 

41 16.7 9.04 5.56 5.29 5.09 

61 15.9 8.22 4.34 3.86 3.57 

81 15.5 7.82 3.73 3.12 2.78 
 

   Fig. 7 compares the FEM and BEM solutions for the total 

fiber current in Fig. 6 when the number of segments along 

the fiber in the BEM solution is equal to 20. The 

corresponding error value is marked bold in Table III.  Table 

IV reports the relative error percentage in the absolute 

charge (positive charge) averged over the tube cross-section 

and then integrated over the entire fiber surface as a function 

of the number of segment and accuracy of the potential 

integrals. The corresponding FEM total charge value is 

2.7410-15 C. 

IV. CONCLUSIONS 

We have constructed and tested the one-dimensional MoM 
basis functions (rooftop basis functions) applicable to 
modeling thin highly conducting cylindrical fiber-like objects 

embedded   into a low-conductivity medium. A direct-current 
problem has been considered. The ultimate goal of this study 
is to apply the model to the large-scale bundles of axonal 
fibers in the human brain.  

 

Figure 7.  Total current distribution along the fiber in Fig.6b: BEM 
(circles) versus FEM (solid curve) solutions. The BEM solution uses 20 

equal segments. 

TABLE IV.  RELATIVE ERROR PERCENTAGE IN THE ABSOLUTE CHARGE 

(OR POSITIVE CHARGE) OVER THE FIBER SURFACE IN FIG. 6. 

Integration 

order, M 
Number of segments per fiber 

 5 10 20 30 40 

11 18.6 13.0 14.0 15.1 15.5 

21 11.6 8.21 8.58 9.43 9.64 

41 7.80 5.14 5.07 5.62 5.66 

61 6.52 4.02 3.75 4.18 4.13 

81 5.86 3.43 3.05 3.42 3.33 
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